Abstract. We consider a q-dimensional distribution as a section of the Grassmannian bundle Gq(M n ) of q-planes and we derive, in terms of the intrinsic torsion of the corresponding S(O(q)×O(n−q))-structure, the conditions that this map must satisfy in order to be critical for the functionals energy and volume. Using this it is shown that invariant Riemannian foliations of homogeneous Riemannian manifolds which are transversally symmetric determine harmonic maps and minimal immersions. In particular, canonical homogeneous fibrations on rank one normal homogeneous spaces or on compact irreducible 3-symmetric spaces provide many examples of harmonic maps and minimal immersions of compact Riemannian manifolds.
The energy of a map σ : (M, g M ) → (N, g N ) between Riemannian manifolds, M being compact and oriented, is the integral
where L σ is the (1, 1)-tensor field determined by (σ * The Euler-Lagrange equations of the corresponding variational problems give rise to the definition of the tension of a map and the mean curvature of an immersion. When M is moreover closed, their vanishing characterizes harmonic maps and minimal immersions, respectively. We refer to [6] , [7] , and [25] for more information about the energy and volume functional.
We also consider q-dimensional oriented distributions on M as sections of the Grassmannian bundle π : G q (M ) equipped with a Riemannian metric g S , which generalizes the Sasaki metric of the tangent bundle; see [2] . We shall show in Theorem 3.2 that the Riemannian metrics g K and g S on G or q (M ) determine the same Riemannian structure. Hence, studies of the harmonicity for distributions made by viewing them as maps into (G q (M ), g K ), as in [5] and [28] , among others; or for oriented distributions by viewing them as maps into (G or q (M ), i * g S ), as in [4] , [8] , [20] and [22] , yield the same theory.
In
terms of G-structures, q-dimensional distributions are in one-to-one correspondence with S(O(q)×O(n−q))-reductions of the SO(n)-bundle π : SO(M )
M , see [23] . In the present work, we analyze the energy functional of a distribution σ considered as a map σ : (M,g) → (G q (M ), g K ), whereg is an arbitrary metric on M, and we show the central role played by the intrinsic torsion of the S(O(q) × O(n − q))-structure in the characterization of critical points for the energy and the volume functional (Theorem 3.4).
The use of the intrinsic torsion has made possible deeper study of the harmonicity of G-structures (see [10] and [11] ). Here, we focus attention on Riemannian homogeneous manifolds (M = G / K, g) equipped with a G-invariant integrable distribution F whose transverse geometry is locally modeled on a symmetric space, called a transversally symmetric invariant foliation, and, using tools developed for the intrinsic torsion of S(O(q)×O(n−q))-structures, we show that F is a harmonic distribution, a critical point of the energy functional restricted to Γ ∞ (G q (M )), and a minimal immersion into the Grassmannian bundle (G q (M ), g K ). When F is moreover a Riemannian foliation, see [21] , we will be able to show that it determines a harmonic map σ : (M, g) → (G q (M ), g K ) (Theorem 4.2). This yields new examples of harmonic maps between compact Riemannian manifolds.
A standard way of constructing transversally symmetric invariant foliations on (M = G / K, g) consists in taking as the leaves the fibres of a homogeneous fibration
where (G, L) is a symmetric pair. In fact, if G is semisimple, any of these invariant foliations becomes precisely a homogeneous fibration of the type above. Using a different method, when G, L and K are compact Lie groups and the metric g is a suitable homogeneous Riemannian metric, known as binormal, the harmonicity of the transversally symmetric fibration is proved in [5] . Here, we extend this result not only to harmonicity but also to minimality of homogeneous fibrations with respect to any invariant metric on the total space M = G / K .
Compact rank one normal homogeneous spaces ( [13] , [26] ) and irreducible 3-symmetric spaces of types A 3 II and A 3 III ( [9] , [12] , [14] , [27] ) admit canonical fibrations over (irreducible) symmetric spaces of compact type which are constructed in this way. On compact rank one homogeneous spaces, they are all the generalized Hopf fibrations (see Chapter 9H of [1] ) together with the two exceptional fibrations
where B 13 and W 7 denote respectively the Berger and Wilking spaces [26] . On compact irreducible 3-symmetric spaces, we give the complete list of the canonical fibrations and we show that for any homogeneous Riemannian metric on the total space, all these fibrations determine harmonic maps and minimal immersions into their Grassmannian bundles (Theorems 5.3, 5.4, and 5.6).
Intrinsic torsion of distributions
Let π : G q (M ) = x∈M G q (T x M ) → M be the Grassmannian bundle of the q-dimensional linear subspaces in the tangent bundle T M of a n-dimensional oriented Riemannian manifold (M, g).
Let π SO(n) : SO(M ) → M be the principal SO(n)-bundle of oriented orthonormal frames of (M, g). A point p of SO(M ) is a pair (x; p 1 , . . . , p n ) where x ∈ M and {p 1 , . . . , p n } is an oriented and orthonormal basis of (T x M, g x ) and the action of SO(n) on the right on SO(M ) is given by p · a = (x; ap 1 , . . . , ap n ), where
) and so, it is naturally isomorphic to the associated bundle
Moreover, the orbit map ρ :
and conversely. Then there is a one-to-one correspondence between the set of
, where σ ⊥ is the orthogonal distribution of σ on (M, g), determines a Riemannian almost-product (AP ) structure, i.e., an orthogonal (1, 1)-tensor field P σ on (M, g) with P 2 σ = Id and P σ = ±Id. The vertical and horizontal distributions V σ and H σ are the corresponding ±1-eigendistributions of P σ .
In similar way, if we consider the Grassmannian bundle G or q (M ) of the q-dimensional oriented linear subspaces of T M, with fibres diffeomorphic to the
Each of the Grassmannian manifolds G q (R n ) and G or q (R n ) is a Riemannian symmetric space equipped with the normal homogeneous Riemannian metric that, up to a scalar, is induced on so(n) by the inner product X, Y = − 1 2 trace XY. The associated orthogonal symmetric Lie algebra is the pair (so(n), s), s being the involutive automorphism s(X) = P XP of so(n), given by conjugation by the matrix
Then so(n) = (so(q) ⊕ so(n − q)) ⊕ m is a reductive decomposition, where m is the −1-eigenspace of s, the subspace of so(n) generated by the matrices {B a j = E q+j,a −E a,q+j : a = 1, . . . , q; j = 1, . . . , n−q}. Here, E ij denotes the n×n-matrix with a 1 in the ith row and jth column, and all of other entries equal to 0. These matrices form an orthonormal basis on m with respect to ·, · .
Let so(M ) be the subbundle of End(T M) of endomorphisms skew-symmetric with respect to g. It may be expressed as
Then m σ consists of those skew-symmetric endomorphisms A of the tangent bundle such that AP σ = −P σ A, where P σ is the AP-structure associated to σ.
An oriented Riemannian manifold (M, g) equipped with a G-structure σ admits a unique G-connection ∇ σ = ∇ − ξ σ , the minimal connection, where ∇ is the Levi-Civita connection of (M, g), and the intrinsic torsion ξ σ of the G-structure belongs to T * M ⊗m σ , [3] . Next we determine the minimal connection and intrinsic torsion of an oriented distribution in terms of the corresponding Riemannian APstructure, using the identification of 
Proof. This follows from the identities
be the canonical projections. Then, from (2.1), the intrinsic torsion ξ of σ is determined by
Here H) is integrable, i.e., it determines a foliation, if and only if A V = 0 (resp., A H = 0). The distribution V (resp., H) is said to be geodesic if h V = 0 (resp., h H = 0). This means that all geodesics with initial vector in V (resp. H) remain in V (resp. H) for all time. Note that if ξ is totally skewsymmetric, i.e., ξ A A = 0 for all A ∈ T M, then ξ = 0.
In view of the identities
A foliation on (M, g) is said to be Riemannian if each geodesic orthogonal to a leaf at some point remains orthogonal to every leaf it meets. Tbus, a Riemannian foliation is determined by an integrable distribution V whose orthogonal distribution H is totally geodesic, or equivalently, has intrinsic torsion ξ satisfying
Locally the leaves are the fibres of a Riemannian submersion.
Harmonic and minimal distributions
The Kaluza-Klein metric g K relative to (g, ·, · ) on the Grassmannian bundles G q (M ) and G 
and ω is the so(n)-valued connection form of the Levi-Civita connection on SO(M ). Then, for each p ∈ SO(M ), a vector in V ρ(p) may be written as ρ * p A * p , for some A ∈ m, A * being the fundamental vector field on SO(M ). We consider the canonical bundle
, is a vector bundle isomorphism, which may be extended to
Denoting also by ·, · the fibre metric on m SO(M) induced by the inner product on m, the metric g K is then characterized by
With respect to the corresponding Kaluza-Klein metrics on G
On the other hand, we can think of G or q (M ) as a subbundle of the bundle π : Λ q (M ) → M of all skew-symmetric contravariant tensors of order q; or briefly, of all q-vectors on M (see [8] ). This allows us to see G or q (M ) as a Riemannian submanifold of Λ q (M ) equipped with a Riemannian metric g S , generalizing the Sasaki metric of the tangent bundle, see [2] . For σ ∈ Λ q (M ) and
where g also denotes the natural extension of the metric g of M to q-vectors and
where ∇σ is the map ∇σ :
is the adjoint operator of ∇σ with respect to g defined by
Let Σ or q (R n ) be the set of all decomposable q-vectors σ of R n such that σ = 1. Then σ may be written as σ = e 1 ∧· · ·∧e q where {e 1 , . . . , e q } are the first q vectors of a positive orthonormal basis
is the canonical basis of R n . Then, we have: 
Then, taking into account that e tB a j u a = cos t u a + sin t u q+j and e
be the subbundle of Λ q (M ) comprising unit norm decomposable forms. It can be expressed as the associated bundle
. Then, we have:
is an isometry.
Proof. By Lemma 3.1, the proof reduces to showing thatΦ
Let α = α(t) be a curve in M and let {E 1 , . . . , E n } be an oriented orthonormal frame field along α obtained by parallel translation with respect to the Levi-Civita connection. Then t → (α(t); E 1 (t), . . . , E n (t)) gives a horizontal curve in SO(M ) and, via ρ,
σ(t) is parallel along α, or equivalently, a horizontal lift of α. Hence,Φ sends horizontal lifts of a curve α in M to horizontal lifts of the same curve α. 2 In what follows, the following convention for the indices is used: i ∈ {1, . . . , n}, a, b, c, · · · ∈ {1, . . . , q} and j, k, l, · · · ∈ {1, . . . , n − q}. Then, with respect to an adapted local frame and using the summation convention, we have
If M is compact and oriented, the energy functional of an oriented distribution σ is defined as the energy E(σ) of the map σ :
Using (3.2) and (3.4), the tensor field L σ defined in Section 1 can be expressed as
where ξ σ is considered as the
Hence, the energy E(σ) and the volume Vol(σ) of σ are given in terms of the intrinsic torsion by
In view of our applications, we also consider σ as a map σ :
whereg is an arbitrary metric on M, which may be different from g. Denote by Eg(σ) the energy of σ as a map between these Riemannian manifolds. Let L σ,g and Qg be the automorphism fields determined, respectively by
Then L σ = Qg • L σ,g and the energy of σ can be written as
In particular, forg = g, E(σ) = Eg(σ) is the energy of the section σ, and, for
Denote by τg(σ) the tension field of σ, i.e., the vector field along σ given locally by
where∇ and ∇ S denote the Levi-Civita connections ofg and g S , respectively, (∇ S is considered as the connection of g S on the induced vector bundle σ
and
is a localg-orthonormal frame. In [8] , τg(σ) has been characterized as follows:
Here
is harmonic if and only if X σ,g = 0 and η σ,g = 0. Forg = g, putting R σ = R σ,g , σ is harmonic if and only if R σ = 0 and ∇ * ∇σ = 0, where
being a local g-orthonormal frame. Because for compact M the connection Laplacian of σ vanishes if and only if σ is parallel (see page 154 of [17] ), the harmonicity condition for σ is equivalent to σ being parallel.
Next, let K σ,g be the
Then, in [8] it is proved that
where
Since for the casẽ g = σ * g S , the condition η σ,g = 0 implies that X σ,g = 0, [8] , one obtains from (3.7) and (3.9) that the immersion σ :
Since the harmonicity of σ viewed as map into Σ or q (M ) is determined by the vanishing of the projection onto
, not necessarily closed and oriented, we extend the above definitions for distributions satisfying such conditions.
Next, given a (1, 2)-tensor field ψ on M, we denote by d * ψ its coderivative, which is defined by
where {e 1 , . . . , e n } is any orthonormal basis of T x M.
) with intrinsic torsion ξ. Then, for any metricg, we have:
harmonic if and only if the following conditions are satisfied:
, and
In particular, the map σ : 
is a local isometry with respect to the corresponding Kaluza-Klein metrics, the conditions which
K ) be minimal, are, respectively, the conditions (i), (ii) or (iii) of Theorem 3.4 for oriented distributions. The condition that σ be a harmonic distribution is also equivalent to [P σ , ∇ * ∇P σ ] = 0, where [·, ·] denotes the commutator bracket of endomorphisms (see [28] ).
For the proof of Theorem 3.4, we shall need the following lemmas.
Lemma 3.6. Let σ be a q-dimensional oriented distribution on a Riemannian manifold (M, g) and let
A be a (1, 1)-tensor field on M. We have:
In the same way, g(d
Then, we have
and this proves (ii). 2 Lemma 3.7. We have:
Proof. A straightforward calculation, using (2.2), gives
is obtained from (3.12) . From this, and using (3.3), we get On the other hand, from Lemma 3.6, we obtain
Hence, the vanishing of g(∇ * K σ,g , σ a j ) is equivalent to each of the conditions for d * κ σ,g given in (b), and we have proved (i). Now, the rest of the proof is a direct consequence of this statement.
Transversally symmetric invariant foliations
Let (M, g) be a connected homogeneous Riemannian manifold. Then (M, g) can be expressed as a coset space G / K, where G is a Lie group, which assumed to be connected, acting transitively and effectively on M ; K is the isotropy subgroup of G at some point o ∈ M, the origin of G / K; and g is a G-invariant Riemannian metric. We say that g is a homogeneous Riemannian metric of M. Moreover, we can assume that G / K is a reductive homogeneous space, i.e., there is an Ad(K)-invariant subspace m of the Lie algebra g of G such that g = k ⊕ m, k being the Lie algebra of K . Then, under the identification m ∼ = T o M, g corresponds with an Ad(K)-invariant inner product ·, · on m. When there exists an Ad(G)-invariant inner product on g, which we also denote by ·, · , whose restriction to
LetT denote the torsion tensor andR the curvature tensor of the canonical connection∇ of (M, g) adapted to the reductive decomposition g = k ⊕ m (see [16] , II, page 190). At the origin, they are given by
Using the Koszul formula, the Levi-Civita connection ∇ is given by
for X, Y, Z ∈ m. Let U : m × m → m be the symmetric bilinear mapping defined by
Then the homogeneous structure S = ∇−∇ associated to g = k⊕ m [24] is given by
Note that
) is said to be naturally reductive. Using (4.1), we have the following expression for the Riemannian curvature R of ∇ at the origin: Then any G-invariant Riemannian AP-structure on a naturally reductive homogeneous space is totally geodesic, i.e., both distributions V and H are totally geodesic. If a G-invariant distribution is integrable, the corresponding foliation F is a G-invariant foliation, meaning a·L x = L a·x , for all a ∈ G and x ∈ M, where L x denotes the leaf through x, and conversely, and, by Lemma 4.1 (ii), l = k ⊕ p is a Lie subalgebra of g. We shall denote by L the connected Lie subgroup of G with Lie algebra l.
A foliation F on a differentiable manifold M is called transversally symmetric if there exists a symmetric pair (G, L) such that its transversal geometry is locally modeled on G / L . This means that F can be defined by a family of local submer-
In the context of G-invariant foliations, we say that a G-invariant foliation F determined by an Ad(K)-invariant subspace p ⊂ m is transversally symmetric if (g, s) is an orthogonal symmetric Lie algebra, where s is the involutive automorphism of g whose ±1-eigenspaces are l and n, respectively. Then the brackets satisfy
Since the connected Lie subgroupL of the universal coveringG of G with Lie algebra l is closed, (G,L) is a symmetric pair associated with (g, s) (see Proposition 3.6, Chapter IV, in [15] ). Hence, if F on M is a transversally symmetric invariant foliation then it is in fact locally modeled on the simply connected symmetric spaceG/L. Another homogeneous Riemannian metricg on M is said to be adapted to the AP-structure (V, H), if the distributions V and H areg-orthogonal. It is clear that if an invariant foliation is transversally symmetric, it is also transversally symmetric for any adapted homogeneous Riemannian metric.
Using (4.7) and substituting in (4.3), one gets U(p, p) ⊂ p. Hence, transversally symmetric G-invariant foliations are totally geodesic, but not necessarily Riemannian foliations. In the next section we shall give examples of non-Riemannian transversally symmetric foliations. By Lemma 4.1 (ii), the foliation is Riemannian if and only if U(n, n) = 0, or equivalently,
Theorem 4.2. Let σ be the distribution tangent to a transversally symmetric G-invariant foliation F of (M = G / K, g). For any adapted homogeneous Riemannian metricg on G / K, σ is ag-harmonic distribution. In particular, σ provides a minimal immersion into the Grassmannian bundle
(G q (M ), g K ). If moreover F is Riemannian, then σ : (M, g) → (G q (M ), g K ) is a harmonic map.
Proof. Let p ⊂ m the Ad(K)-invariant subspace that determines the distribution σ.
Then,
Moreover, by (4.7), U(n, n) ⊂ p and U(p, n) ⊂ n, and this implies (4.9) S n n ⊂ p, S n p ⊂ n.
Hence, with these hypotheses, one gets (4.10)
Since g andg are G-invariant Riemannian metrics, the automorphism field Qg is also G-invariant and so it is determined by the Ad(K)-invariant linear isomorphism
where ·, · denotes the Ad(K)-invariant inner product on m corresponding tog. Taking into account that the subspaces p and n of m must be orthogonal with respect to ·, · , it follows that the decomposition m = p ⊕ n is Q o -invariant. Hence, we can take the adapted ·, · -orthonormal basis {E a ; E q+j } in m as a basis of eigenvectors of Q o . Then, applying (4.10) and also (4.8) and (4.9), we get
Hence, using Theorem 3.4, σ is ag-harmonic distribution. Forg = σ * g S we have Qg = L σ . Theng is a homogeneous Riemannian metric on M and, from (4.10), adapted to the AP-structure (V σ , H σ ). Thus Theorem 3.4 also implies that σ is minimal.
From (4.5), and from (4.8) and (4.9), one gets R XY U, Z = 0, for all U ∈ p, and X, Y, Z ∈ n. Then, (R σ ) o (n) = 0. On the other hand, for each U ∈ p, applying (4.10) and Lemma 3.7, together with the Riemannian condition for the foliation and (4.5), we obtain
is a symmetric endomorphism with respect to ·, · and preserves n, for each j 0 ∈ {1, . . . , n − q}, we can take {E q+1 , . . . , E n } as a basis of eigenvectors of ξ 2 Eq+j 0 . Denote by δ q+k the corresponding eigenvalues. Then, using again that F is a Riemannian foliation, we obtain
Thus, R σ = 0 and, applying again Theorem 3.4, σ is a harmonic map.
2
Finally we consider transversally symmetric invariant foliations F on (M = G / K, g) such that the connected Lie subgroup L of G with Lie algebra l = k ⊕ p is closed. This is the case if the center of g is {0} (see the proof of Proposition 3.6 in Chapter IV of [15] ), in particular, when g is semisimple. With this hypothesis we have: Proof. From the uniqueness of maximal integral submanifolds through a point, L / K is the leaf through the origin o ∈ M. For another point g K ∈ G / K, we use the following property:
The foliation F is moreover Riemannian if and only if the restriction
, for all X, Y ∈ n and U ∈ p. From (4.3), this is equivalent to the condition U(n, n) ⊂ n, i.e., the foliation is Riemannian. For the last part of the proposition we use Proposition 3.6 in Chapter IV of [15] . 
Examples of transversally symmetric fibrations
A homogeneous fibration π : 
Then π gives a homogeneous fibration with fibre type F = L / K . Let B be an Ad(G)-invariant inner product B on the Lie algebra g of G, and let m, p and n be subspaces of g making B-orthogonal the following decompositions: g = k ⊕ m, l = k ⊕ p and g = l ⊕ n. Then m = p ⊕ n is also a B-orthogonal decomposition. The isotropy group K acts on m by the adjoint map and induces a splitting
where K acts trivially on m 0 = p 0 ⊕ n 0 and irreducibly on p i and n j , for i = 1, . . . , r and j = 1, . . . , s. If the isotropy representations on p i and n j are inequivalent, any G-invariant Riemannian metric on M = G / K is determined by an Ad(K)-invariant inner product on m of the form
·, · 0 being an arbitrary inner product on m 0 and λ i , μ j > 0, i = 1, . . . , r, and j = 1, . . . , s. Hence, using Lemma 5.1 and taking into account that the subspace n ⊂ m is Ad(L)-invariant, the following proposition is proved.
Proposition 5.2. We have:
(i) If p 0 = {0} or n 0 = {0} then any homogeneous Riemannian metric on M = G/K is adapted to the G-invariant AP-structure generated by the pair (p, n).
(ii) For any homogeneous Riemannian metric adapted to (p, n), the fibration
(iii) If the linear isotropy representation of K on n is irreducible, the fibration π is g-Riemannian for any homogeneous Riemannian metric g on M.
Compact rank one normal homogeneous spaces
Homogeneous spaces admitting a normal invariant metric of strictly positive curvature are called compact rank one normal homogeneous spaces (see, for example, [13] and [26] , and the references therein). They are in fact compact and the positive normal homogeneous metric has rank one. In the simply connected case, a compact rank one normal homogeneous space is diffeomorphic to (i) the sphere S n or one of the projective spaces CP m , HP m and CaP 2 , or
(ii) one of the Berger spaces (9) Spin (7) 15 m = p ⊕ n (8) Spin (7) G 2 7 irred. The (compact) Lie groups acting transitively on the sphere have been classified by D. Montgomery and H. Samelson, and A. Borel, see [19] . They are given, together with the isotropy representation, in Table 1 . In Table 2 , those corresponding to the exceptional cases are described. Here, the superscript represents the dimension of the subspace. The unique projective space admitting an isotropy-reducible quotient expression is CP 2m+1 = Sp(m + 1)/ Sp(m) × U(1) [19] . Its isotropy representation determines the decomposition m = p
All the homogeneous Riemannian metrics on these homogeneous spaces are obtained from inner products as in (5.1) and the following transversally symmetric homogeneous fibrations result:
Because in all cases the subspace n ⊂ m is irreducible under the linear isotropy action, it follows from Proposition 5. (5) and (6) in Table 1 , are special classes of Sp(m+1)-invariant metrics, as in case (4). Moreover, except for case (iii), any homogeneous Riemannian metric on the total space is binormal. 
Compact irreducible 3-symmetric spaces
A Riemannian 3-symmetric space (see [14] , [27] and also [9] , [12] ) is defined to be a triple (M = G / K, θ, ·, · ) satisfying the following conditions:
(1) G is a connected Lie group and θ is an automorphism of G of order 3, If there exists θ satisfying (1) and (2), we shall say that G / K is a 3-symmetric coset space. The automorphism J = 1 √ 3 (2θ |m + Id |m ) on m is Ad(K)-invariant and so it determines a G-invariant almost complex structure on G / K, known as the canonical almost complex structure. It makes the 3-symmetric space a quasi-Kähler homogeneous manifold.
We will focus on compact irreducible Riemannian 3-symmetric spaces (M = G / K, θ, ·, · ) of type A 3 , meaning that G is a compact connected simple Lie group acting effectively and θ is an inner automorphism on the Lie algebra g of G .
We need some general results about complex simple Lie algebras. See Chapter III in [15] for more details. Let g C be a simple Lie algebra over C and let h C be a Cartan subalgebra. Let Δ denote the set of nonzero roots of g C with respect to h C and let Π = {α 1 , . . . , α l } be a system of simple roots. For each α ∈ Δ, there exists a unique element H α ∈ h C such that C(H, H α ) = α(H), for all H ∈ h C , where C is the Cartan-Killing form of g C . Moreover, we have h C = α∈Δ CH α and C is strictly positive definite on h R = α∈Δ RH α . We can choose root vectors {E α } α∈Δ such that g C = h C + α∈Δ CE α and, if α + β = 0, E α and E β are orthogonal under C and C(E α , E −α ) = 1.
Denote by Δ + the set of positive roots of Δ with respect to some lexicographic order in Π. Then each α ∈ Δ + may be written Table 3 . Table 3 . We have h ⊂ k = g θ and
+ (H) denotes the positive root system generated by Π(H). Hence, each Ad(K)-invariant inner product ·, · on m is also θ-invariant and so, every 3-symmetric coset space G / K with θ of type A 3 is a Riemannian 3-symmetric space for any G-invariant metric. Moreover, {U If 
The corresponding transversally symmetric fibrations are: and (i, j, k) is a cyclic permutation of (1, 2, 3) ;
SO (10)×SO (2) . 
where (k, r, s) is a permutation of (1, 2, 3) . From this and (4.5), since ξ p = 0 and ξ n = S n ,
for all U ∈ p. Then, using (5.3) and (5.4) and taking {E q+1 , . . . , E n } as a ·, · -orthonormal basis of n adapted to the decomposition n = V r ⊕ V s we obtain R σ (U ) = 0. Because for any transversally symmetric G-invariant foliation, R σ vanishes on n, it follows that R σ = 0 and then, by Theorem 4.2, σ is a harmonic map. If θ is of type A 3 II, the complex simple Lie algebra g C is a n−1 (n ≥ 3), d n (n ≥ 4) or e 6 . On a n−1 , a set Δ + of positive roots is given by Δ 
give automorphisms conjugate to the first one. Here, a set Δ + of positive roots is given by
} and k is of type a n−2 ⊕ T 2 . Hence M is the quotient manifold SO(2n)/ U(n − 1) × SO (2) . Next, we consider the orthogonal decomposition m = V 1 ⊕ V 2 ⊕ V 3 where the corresponding subsets of positive roots are given by
Putting again l k = k ⊕ V k , k = 1, 2, 3, we have:
Here, the isomorphism between Finally, a system of positive roots Δ + on e 6 ,
is given by
and the automorphism θ of type A 3 II is determined by H = 1 3 (H 1 + H 6 ). Hence we get
Then the Lie subalgebras l k = k ⊕ V k , k = 1, 2, 3, are
Using the corresponding Dynkin diagrams, one gets l 2 ∼ = l 3 ∼ = so(10) ⊕ T 1 . Next we also show that α∈Δ 
The corresponding transversally symmetric (Riemannian) fibrations are: (16) .
Proof. From (5.5), the distribution V is integrable and the G-invariant foliation is transversally symmetric. Moreover, by Proposition 5.2, it is Riemannian. So it follows from Theorem 4.2 that V determines a harmonic map and a minimal immersion. If θ is of type A 3 III, one gets that g C is one of the following: b n (n ≥ 2), c n (n ≥ 2), d n (n ≥ 4), g 2 , f 4 , e 6 , e 7 and e 8 .
In similar way as for type A 3 II, we can determine on these complex simple Lie algebras the sets of positive roots Δ + and Δ + p , for p = 0, 1, 2, and the Lie subalgebra l = k⊕V, which now can be expressed as l = h+ α∈Δ Hence we get the fibration given in (vii). Next, we consider H = . Hence l ∼ = so (16) and we obtain the fibration (xiii).
